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w xLet K t , t , . . . , t be the polynomial ring in n variables over a field K. We fix1 2 n
 .an integer d and a sequence a s a , a , . . . , a of integers with 1 F a F a F1 2 n 1 2
n  .??? F a F d and d -  a . Let A a; d denote the K-subalgebra ofn is1 i
w x x1 x 2 x nK t , t , . . . , t generated by all monomials of the form t t ??? t with x q x1 2 n 1 2 n 1 2
q ??? qx s d and with x F a for each 1 F i F n. In this paper we classify all then i i
 .sequences a and integers d for which the algebra A a; d is Gorenstein. Q 1997
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INTRODUCTION
w xLet K be a field and let K t , t , . . . , t be the polynomial ring in n1 2 n
 .variables over K. We fix an integer d and a sequence a s a , a , . . . , a1 2 n
n  .of integers with 1 F a F a F ??? F a F d and d -  a . Let A a; d1 2 n is1 i
w xdenote the K-subalgebra of K t , t , . . . , t generated by all monomials of1 2 n
the form t x1 t x 2 ??? t x n with x q x q ??? qx s d and with x F a for1 2 n 1 2 n i i
each 1 F i F n. Such an algebra is called an algebra of Veronese type.
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 .Note that if a s d for every i then A a; d is the d-th Veronese subringi
w x  .of K t , t , . . . , t , and that if each a s 1, then A a; d is generated by all1 2 n i
w xthe square-free monomials of degree d in K t , t , . . . , t . Algebra of1 2 n
Veronese type has rich geometric and computational background and has
been studied from the viewpoint of the geometry of toric varieties as well
w xas Grobner bases; see, e.g., 13 .È
The purpose of the present paper is to classify all the Gorenstein
 .algebras of Veronese type. We first observe that an algebra A a; d of
  ..Veronese type coincides with the Ehrhart ring A P a; d of an integral
 .  .convex polytope P a; d , which guarantees that A a; d is a
Cohen]Macaulay normal domain. We then apply a certain combinatorial
  ..criterion for A P a; d to be Gorenstein and determine all the sequences
 .a and integers d for which A a; d is Gorenstein. Our approach is rather
geometric and relies on finding the equations of facets of a convex
polytope.
w xWe refer the reader to, e.g., 4 , for fundamental results on convex
polytopes. Let Z denote the set of integers and R the set of real numbers.
 .We write > X for the cardinality of a finite set X.
1. EHRHART RINGS OF RATIONAL
CONVEX POLYTOPES
Let P ; R N denote a convex polytope of dimension d and suppose that
P is rational, i.e., each vertex of P has rational coordinates. Let
Y , Y , . . . , Y and T be indeterminates over a field K. Given an integer1 2 N
 .q G 1, we write A P for the vector space over K which is spanned byq
a1 a2 aN q  .those monomials Y Y ??? Y T such that a , a , . . . , a g q P l1 2 N 1 2 N
N  4  .  .Z . Here q P [ qa ; a g P . Since P is convex, A P A P ;p q
 .A P for all p and q. It follows easily that the graded algebrapqq
 . `  .  .A P [ [ A P is finitely generated over K s A P with Krull-q 0qs0
 .  .dim A P s d q 1. Moreover, A P is normal; hence Cohen]Macaulay
w x  .8 . We say that A P is the Ehrhart ring associated with a rational convex
N w x w xpolytope P ; R . Consult 1 and 7 for the detailed information about
algebra and combinatorics on Ehrhart rings.
 . w xA combinatorial criterion for A P to be Gorenstein is obtained in 6 .
Let P ; R N be a convex polytope of dimension d and let ­ P be the
 .  .boundary of P. Then P is called of standard type if i d s N and ii the
origin of R N is contained in the interior P y ­ P of P. When P ; R d is
of standard type, the polar set
d
w dP [ a , . . . , a g R ; a b F 1 for every b , . . . , b g P .  .1 d i i 1 d 5
is1
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 w.wis again a convex polytope of standard type and P s P. We say that
Pw is the dual polytope of P. A basic fact is the existence of an
inclusion-reversing bijection between the set of all faces of P and that of
w  . d dP . In particular, if a , a , . . . , a g R and if H ; R is the hyper-1 2 d
d  .plane defined by the equation  a x s 1, then a , a , . . . , a is ais1 i i 1 2 d
w w  . xvertex of P if and only if H l P is a facet i.e., d y 1 -dimensional face
of P. Hence, the dual polytope of a rational convex polytope is rational.
 . w x d1.1 THEOREM 6 . Let P ; R be a rational con¨ex polytope of dimen-
 .sion d and let d G 1 denote the smallest integer for which d P y ­ P l
d  . dZ / 0u . Fix a g d P y ­ P l Z and write Q for the rational con¨ex
d  .polytope d P y a ; R of standard type. Then the Ehrhart ring A P of P is
Gorenstein if and only if the following conditions are satisfied:
 . w wi The dual polytope Q of Q is integral, i.e., e¨ery ¨ertex of Q has
integer coordinates.
Ä dq1 .ii Let P ; R denote the rational con¨ex polytope which is the
 . dq1 4  .4con¨ex hull of the subset b , 0 g R ; b g P j 0, . . . , 0, 1rd in
dq1 Ä dq1R . Then P is facet-reticular, that is to say, if H is a hyperplane in R
Ä Ä dq1and if H l P is a facet of P, then H l Z / 0u .
w xThe original proof of Theorem 1.1 obtained in 6 is combinatorial and is
w x  .based on the fact 11, 2 that the canonical module of A P is generated
a1 ad q  .  . dby those monomials Y ??? Y T with a , . . . , a g q P y ­ P l Z .1 d 1 d
An algebraic proof of Theorem 1.1 related with the geometry of toric
w xvarieties also appears in 10 .
 .  . w x d1.2 COROLLARY. 1 5 Suppose that P ; R is a rational con¨ex
 .polytope of standard type. Then the Ehrhart ring A P is Gorenstein if and
only if the dual polytope Pw of P is integral.
 .2 Work with the same notation P, d , a , and Q as in Theorem 1.1 and, in
 .addition, suppose that P is integral. Then the Ehrhart ring A P is Goren-
stein if and only if the dual polytope Q w of Q is integral.
Ä .Proof. In fact, the condition ii on P of Theorem 1.1 is guaranteed if
either d s 1 or P is integral. Q.E.D.
  ..  w x.  .Let a A P denote the a-invariant e.g., 1, p. 139 of A P . Then the
  ..integer d in Theorem 1.1 coincides with ya A P . Thus, Corollary 1.2
 .says that if P is integral, then A P is Gorenstein if and only if the
 .d .  .   ..Veronese subring A P of A P with d s ya A P is Gorenstein.
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2. ALGEBRAS OF VERONESE TYPE
We now study the classification problem of finding all the Gorenstein
 .algebras of Veronese type. Let n G 2. Fix a sequence a s a , a , . . . , a1 2 n
g Zn and d g Z with 1 F a F a F ??? F a F d and d - n a . First,1 2 n is1 i
it is required to state a numerical result which enables us to see that every
algebra of Veronese type coincides with the Ehrhart ring of an integral
convex polytope.
 .  . n2.1 LEMMA. Let I denote the set of all sequences x , x , . . . , x g Zq 1 2 n
 .  . nsuch that i 0 F x F qa for each 1 F i F n and ii  x s qd. Then,i i is1 i
e¨ery element belonging to I is the sum of q elements in I .q 1
 .Proof. Let q G 2 and x , . . . , x g I . It is enough to show that there1 n q
 .  .  .exist u , . . . , u g I and ¨ , . . . , ¨ g I such that x , . . . , x s1 n qy1 1 n 1 1 n
 .  .u , . . . , u q ¨ , . . . , ¨ . First, we define the integers y and z by1 n 1 n i i
0, if x F q y 1 a , .i iy si  x y q y 1 a , if x ) q y 1 a , .  .i i i i
and
 4z s min a , xi i i
for every 1 F i F n. Then 0 F y F a since x F qa . Moreover, if y ) 0,i i i i i
 .then x ) q y 1 a G a ; hence z s a . Thus,i i i i i
0 F y F z F xi i i
for every 1 F i F n. On the other hand, we have the inequalities
n n
y F d F z . i i
is1 is1
In fact, if n y ) d, thenis1 i
n
x G x s q y 1 a q y s q y 1 a q y . .  .    i i i i i i
is1 i : y /0 i : y /0 i : y /0 i : y /0i i i i
Since a G y for every 1 F i F n, we havei i
n
x G q y ) qd, i i
is1 i : y /0i
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which contradicts n x s qd. If n z - d, thenis1 i is1 i
n
x s x q x  i i i
is1 i : x -a i : x Gai i i i
F x q q a i i
i: x -a i : x Gai i i i
F q x q a i i /
i: x -a i : x Gai i i i
n
s q z - qd, i
is1
which again contradicts the equality n x s qd.is1 i
 . nHence, we can choose a sequence ¨ , . . . , ¨ g Z with y F ¨ F z for1 n i i i
each 1 F i F n and with n ¨ s d. Since y G 0 and z F a for eachis1 i i i i
 .1 F i F n, the sequence ¨ , . . . , ¨ belongs to I . Let u s x y ¨ for1 n 1 i i i
 .every 1 F i F n. Then, 0 F u F q y 1 a since 0 F x y z F x y ¨ Fi i i i i i
 .  .  .x y y F q y 1 a . Hence, u , . . . , u g I . Thus, we have x , . . . , xi i i 1 n qy1 1 n
 .  .s u , . . . , u q ¨ , . . . , ¨ g I q I as required. Q.E.D.1 n 1 n qy1 1
 . nLet P a; d ; R denote the rational convex polytope
P a; d s x , . . . , x g R n ; 0 F x F a for each 1 F i F n , .  .1 n i i
x q ??? qx s d .41 n
 .Then, Lemma 2.1 guarantees that the preceding rational polytope P a; d
 .is, in fact, integral and that the algebra A a; d of Veronese type coincides
  ..  .with the Ehrhart ring A P a; d of P a; d . That is to say,
 .  .  .2.2 COROLLARY. 1 The con¨ex polytope P a; d is an integral con-
¨ex polytope of dimension n y 1.
 .   ..  .   ..2 The Ehrhart ring A P a; d of P a; d is generated by A P a; d 1
  ..as an algebra o¨er K s A P a; d .0
 .  .3 The algebra A a; d of Veronese type is isomorphic to the Ehrhart
  ..ring A P a; d as graded algebras o¨er K.
 .  .4 The algebra A a; d of Veronese type is a Cohen]Macaulay normal
 .domain with Krull-dim A a; d s n.
 . nProof. 1 Let I ; Z be the same finite set as in Lemma 2.1. Then,q
 . n  .I s q P a; d l Z for every q G 1. Let CONV I denote the convexq 1
n  . n  .  .hull of I in R . Since I s P a; d l Z , we have CONV I ; P a; d .1 1 1
 .By Lemma 2.1, if x s x , . . . , x g I , then x has an expression of1 n q
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1. q.  j.  . 1.the form x s x q ??? qx with each x g I . Since 1rq x1
 . q.  .  . 1.  . q..q ??? q 1rq x g CONV I , x s q 1rq x q ??? q 1rq x belongs1
 . n  . nto q CONV I l Z . Hence, I ; q CONV I l Z . Since I s1 q 1 q
 . n  .  .  . nq P a; d l Z and CONV I ; P a, d , we have q CONV I l Z s1 1
 . n  .  .q P a; d l Z s I for every q G 1. Hence, CONV I s P a; d . Thus,q 1
 .P a; d is an integral convex polytope. It is a fundamental fact on convex
polytopes that if X ; R N is a convex polytope of dimension d and if
N  .H ; R is a hyperplane with H l X y ­X / 0u , then H l X is a convex
 . npolytope of dimension d y 1. Hence, the convex polytope P a; d ; R is
of dimension n y 1 since d - n a .is1 i
 .   ..   ..2 The Ehrhart ring A P a; d is generated by A P a; d if and1
 .  . nonly if every x s x , . . . , x g q P a; d l Z has the expression of the1 n
1. q.  j.  . nform x s x q ??? qx with each x g P a; d l Z . Hence, by Lemma
 . n   ..2.1 together with I s q P a; d l Z , A P a; d is generated byq
  ..A P a; d as required.1
 .   ..   ..   ..3 Since A P a; d is generated by A P a; d , A P a; d is1
a1 an  .  .generated by those monomials Y ??? Y T with a , . . . , a g P a; d1 n 1 n
n   ..l Z as an algebra over K s A P a; d . On the other hand, the algebra0
 . w xA a; d of Veronese type is the subalgebra of K t , t , . . . , t generated by1 2 n
those monomials t x1 t x 2 ??? t x n with each 0 F x F a and n x s d, i.e.,1 2 n i i is1 i
 .  . n   ..  .x , x , . . . , x g P a; d l Z . Hence, A P a; d ( A a; d .1 2 n
 .4 Now, the Ehrhart ring associated with a rational convex polytope
of dimension n y 1 is always a Cohen]Macaulay normal domain of
 .Krull-dimension n. Hence, the algebra A a; d of Veronese type is a
Cohen]Macaulay normal domain of Krull-dimension n as desired. Q.E.D.
 .  .   ..2.3 Remarks. 1 The fact that the Ehrhart ring A P a; d of
 .   ..P a; d is generated by A P a; d also follows from the existence of a1
 w x.  .unimodular triangulation e.g., 12, p. 337 of P a; d . Moreover, it is
 .geometrically obvious that P a, d possesses a unimodular triangulation.
 .2 The problem of finding a combinatorial characterization of the
 .integral convex polytopes P for which the Ehrhart ring A P is generated
 .by A P would be of great interest.1
We are now in the position to state the main result of the present paper.
 .  . n2.4 THEOREM. Let n G 2. Fix a sequence a s a , a , . . . , a g Z1 2 n
and d g Z with 1 F a F a F ??? F a F d and d - n a . Let1 2 n is1 i
w xK t , t , . . . , t denote the polynomial ring in n ¨ariables o¨er a field K and1 2 n
 . w xsuppose that A a; d is the K-subalgebra of K t , t , . . . , t generated by all1 2 n
monomials of the form t x1 t x 2 ??? t x n with x q x q ??? qx s d and with1 2 n 1 2 n
 .x F a for each 1 F i F n. Then the algebra A a; d of Veronese type isi i
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Gorenstein if and only if one of the following conditions is satisfied:
 .a d di¨ ides n, and a s d for e¨ery i s 1, . . . , n;i
 .  4b n s d and a g 2, d for e¨ery i s 1, . . . , n;i
 .  4c n s 2 d and a g 1, d for e¨ery i s 1, . . . , n;i
 .d a q ??? qa y d di¨ ides n and d G a q ??? qa ;1 n 2 n
 .e d - a q ??? qa , n s a q ??? qa y d, and a s 2 if d -2 n 1 n i
n a y a ;js1 j i
 .  .f d - a q ??? qa , n s 2 a q ??? qa y d , and a s 1 if d -2 n 1 n i
n a y a ;js1 j i
 .g a s ??? s a s 1, a s d, and d G n y 1;1 ny1 n
 .  .h a s ??? s a s 2, a s d, and d G 2 n y 1 .1 ny1 n
Proof. Let H be the hyperplane in R n defined by the equation
x q ??? qx s d, and let c : R ny1 ª H denote the affine map defined by1 n
 .   ..  .c x , . . . , x s x , . . . , x , d y x q ??? qx if x , . . . , x g1 ny1 1 ny1 1 ny1 1 ny1
ny1  ny1. nR . Then c is an affine isomorphism with c Z s H l Z . Hence,
y1  .. ny1c P a; d ; R is an integral convex polytope of dimension d y 1
 y1  ...   ..and the Ehrhart ring A c P a; d is isomorphic to A P a; d as
 .graded algebras over K. Recall that the algebra A a; d of Veronese type
  ..is isomorphic to A P a; d . Hence, our work is to study the problem
 y1  ...when A c P a; d is Gorenstein. In this proof, to avoid difficult
y1  ..notation, we write P instead of c P a; d ; that is to say,
P s x , . . . , x g R ny1 ; 0 F x F a for each 1 F i F n y 1, . 1 ny1 i i
d y a F x q ??? qx F d .4n 1 ny1
We now apply Corollary 1.2 to the integral convex polytope P ; R ny1
of dimension n y 1 and determine all the sequences a and integers d for
 .which the Ehrhart ring A P is Gorenstein. First, let d G 1 denote the
 . ny1  .smallest integer with d P y ­ P l Z / 0u . If q ) d , then q P y ­ P
ny1  . ny1  . ny1.l Z contains d P y ­ P l Z q q y d P l Z . Hence,
w  . ny1 x  .> q P y ­ P l Z ) 1 since P is integral. Moreover, if A P is
w  . ny1 xGorenstein, then > d P y ­ P l Z s 1. Thus, a basic step for our
w  . ny1 xclassification is to determine when > d P y ­ P l Z s 1. Note that
 . ny1  .z , . . . , z g Z belongs to d P y ­ P if and only if1 ny1
 .i 1 F z F d a y 1 for each 1 F i F n y 1;i i
 .  .ii d d y a q 1 F z q ??? qz F d d y 1.n 1 ny1
 4Thus, since z q ??? qz ; 1 F z F d a y 1 for each 1 F i F n y 11 ny1 i i
  .  .4coincides with n y 1, n, n q 1, . . . , d a q ??? qa y n y 1 , if1 ny1
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w  . ny1 x> d P y ­ P l Z s 1, then the following four possible cases arise:
1. n y 1 s d d y 1, i.e., n s d d;
 .  .  . 2. d a q ??? qa y n y 1 s d d y a q 1, i.e., n s d a1 ny1 n 1
.q ??? qa y d ;n
 .3. d d y a q 1 s d d y 1, i.e., d a s 2;n n
4. d a s 2 for every 1 F i F n y 1.i
 .If none of conditions 1]4 is satisfied, then A a; d is not Gorenstein. We
analyze combinatorics on d P for each of the preceding cases 1]4 in what
follows.
 .  .Case 1. Let n s d d. Then, 1, . . . , 1 g d P y ­ P . Let Q s d P y
 .  .  .  .1, . . . , 1 . Since d d y a y n y 1 s 1 y d a and d d y n y 1 s 1,n n
Q s x , . . . , x g R ny1 ; y1 F x F d a y 1 for each 1 F i F n y 1, . 1 ny1 i i
1 y d a F x q ??? qx F 1 .4n 1 ny1
 .Corollary 1.2 guarantees that A P is Gorenstein if and only if the dual
polytope Q w of Q is integral. To see when Q w is integral, we must find all
the facets of Q. Let H denote the hyperplane in R ny1 defined by thei
equation x s d a y 1 for i s 1, . . . , n y 1. Then H l Q is a facet of Q ifi i i
and only if the closed half-space H y.: x F d a y 1 appears in the irre-i i i
dundant representation of Q as the intersection of finite closed half-spaces.
Let, say, i s 1. It follows from the linear inequalities which define Q that
 .x F 1 y x q ??? qx F n y 1. Hence, H l Q is a facet of Q if and1 2 ny1 1
only if d a y 1 - n y 1 s d d y 1; in other words, if and only if a - d.1 1
Similarly, for each 2 F i F n y 1, H l Q is a facet of Q if and only ifi
a - d. Let H denote the hyperplane in R ny1 defined by the equationi n
x q ??? qx s 1 y d a . Since 1 y n F x q ??? qx , the same tech-1 ny1 n 1 ny1
nique as before enables us to show that H l Q is a facet of Q if and onlyn
if 1 y n - 1 y d a , i.e., a - d. Thus, for every 1 F i F n, we know thatn n
H l Q is a facet of Q if and only if a - d.i i
 .By virtue of Corollary 1.2, if n s d d with d G 1, then A P is Goren-
stein if and only if d a s 2 for every i with a - d. Thus, ifi i
a d divides n and a s d for every i s 1, . . . , n , . i
 .then A P is Gorenstein. Suppose now that we have a - d for somej
1 F j F n. Then a - d. Hence, d a s 2. Thus, two possible cases occur. If1 1
d s 1 and a s 2, then a s 2 for every i with a - d. Hence,1 i i
 4b n s d and a g 2, d for every i s 1, . . . , n. . i
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If d s 2 and a s 1, then a s 1 for every i with a - d. Hence,1 i i
 4c n s 2 d and a g 1, d for every i s 1, . . . , n. . i
 .Thus, if n s d d with d G 1, then the algebra A a; d is Gorenstein if and
 .  .  .only if one of conditions a , b , or c is satisfied.
 .  .Case 2. Let n s d a q ??? qa y d . Then d a y 1, . . . , d a y 11 n 1 ny1
 .  .g d P y ­ P . Let Q s d P y d a y 1, . . . , d a y 1 . Then since1 ny1
 .  .  .d d y a y d a q ??? qa q n y 1 s y1 and d d y dn 1 ny 1
 .  .a q ??? qa q n y 1 s d a y 1,1 ny1 n
Q s x , . . . , x g R ny1 ; 1 y d a F x F 1 for each 1 F i F n y 1, . 1 ny1 i i
y1 F x q ??? qx F d a y 1 .41 ny1 n
Let H be the hyperplane in R ny1 defined by the equation x s 1 y d ai i i
for i s 1, . . . , n y 1. Let, say, i s 1. It follows from the linear inequalities
 .which define Q that x G y1 y x q ??? qx G 1 y n. Hence, H l Q1 2 ny1 1
is a facet of Q if and only if 1 y d a ) 1 y n, i.e., d a - n. Similarly, for1 1
each 2 F i F n y 1, H l Q is a facet of Q if and only if d a - n. Let Hi i n
denote the hyperplane in R ny1 defined by the equation x q ??? qx s1 ny1
d a y 1. Since x q ??? qx F n y 1, H l Q is a facet of Q if and onlyn 1 ny1 n
 .if d a y 1 - n y 1, i.e., d a - n. Since n s d a q ??? qa y d , we haven n 1 n
d a - n if and only if d - n a y a . Hence, for every 1 F i F n,i js1 j i
H l Q is a facet of Q if and only if d - n a y a . Since a F a F ???i js1 j i 1 2
F a , if d G a q ??? qa , then d G n a y a for every 1 F i F n.n 2 n js1 j i
 .Thus, A P is Gorenstein if
d a q ??? qa y d divides n and d G a q ??? qa . . 1 n 2 n
 4Suppose now that d - a q ??? qa and let k g 1, 2, . . . , n denote the2 n
n  .largest index with d -  a y a . Then A P is Gorenstein if and onlyjs1 j k
if d a s d a s ??? s d a s 2. Note that, since d G n a y a for i s1 2 k js1 j i
k q 1, k q 2, . . . , n, no restriction is required for each of a , a , . . . , a .kq1 kq2 n
Since d a s 2, we have either d s 1 or d s 2. Hence,1
e n s a q ??? qa y d and a s 2 for i s 1, . . . , k . 1 n i
or
f n s 2 a q ??? qa y d and a s 1 for i s 1, . . . , k . .  .1 n i
 .  .Thus, if n s d a q ??? qa y d with d G 1, then the algebra A a; d is1 n
 .  .  .Gorenstein if and only if one of conditions d , e , or f is satisfied.
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Case 3. Let d a s 2. If d s 2 and a s 1, then a s ??? s a s 1.n n 1 n
 . ny1  .  .Since 2 P y ­ P l Z / 0u , we have 1, . . . , 1 g 2 P y ­ P . Hence,
 .  .2 d y 1 - n y 1 - 2 d, i.e., n s 2 d, which is a special case of c as
previously. On the other hand, if d s 1 and a s 2, then a F 2 for everyn i
 . ny1i. Since P y ­ P l Z / 0u , we have a s 2 for every 1 F i F n andi
 .1, . . . , 1 g P y ­ P. Hence, d y 2 - n y 1 - d, i.e., n s d, which is a
 .special case of b as before.
Case 4. Let d a s 2 for every 1 F i F n y 1. First, if d s 2, theni
 .a s 1 for every 1 F i F n y 1. Since Q s 2 P y 1, . . . , 1 is defined byi
the linear inequalities y1 F x F 1 for i s 1, . . . , n y 1 together withi
 .  .  .2 d y a y n y 1 F x q ??? qx F 2 d y n y 1 , it follows thatn 1 ny1
 .  .  .A P is Gorenstein if and only if i n s 2 d if d - n y 1 and ii
 .n s 2 d y a q 1 if d ) a . Let d - n y 1 and d ) a . Then, n s 2 dn n n
 .and a s 1, which is a special case of c as before. Let d - n y 1 andn
 .d s a . Then n s 2 d and a s d, which is again a special case of c asn n
 . previously. Let d G n y 1 and d ) a . Then 2 a q ??? qa y d s 2 n yn 1 n
.  . n1 q a y d s 2n y 2 d y a q 1 s n and d G n y 1 s  a y a .n n js1 j n
 .Moreover, if d G a q ??? qa s n y 2 q a , then d G 2 d y a q 1 y2 n n n
2 q a s 2 d y a , i.e., d F a , a contradiction. Hence, d - a q ??? qa ;n n n 2 n
 .thus we have a special case of f as before. Let d G n y 1 and d s a .n
Then
g a s ??? s a s 1, a s d , and d G n y 1. . 1 ny1 n
Second, if d s 1, then a s 2 for every 1 F i F n y 1. Since Q s P yi
 .1, . . . , 1 is defined by the linear inequalities y1 F x F 1 for i s 1, . . . ,i
 .  .n y 1 together with d y a y n y 1 F x q ??? qx F d y n y 1 , itn 1 ny1
 .  .  .follows that A P is Gorenstein if and only if i n s d if d - 2 n y 1
 .  .and ii n s d y a q 2 if d ) a . Let d - 2 n y 1 and d ) a . Thenn n n
 .  .n s d and a s 2, which is a special case of b as before. Let d - 2 n y 1n
 .and d s a . Then n s d and a s d, which is again a special case of b asn n
 . previously. Let d G 2 n y 1 and d ) a . Then a q ??? qa y d s 2 n yn 1 n
.  .  . n1 q a y d s 2n y d y a q 2 s n and d G 2 n y 1 s  a y a .n n js1 j n
 .  .Moreover, if d G a q ??? qa s 2 n y 2 q a , then d G 2 d y a q 22 n n n
y 4 q a s 2 d y a , i.e., d F a , a contradiction. Hence, d - an n n 2
 .  .q ??? qa ; thus we have a special case of e as before. Let d G 2 n y 1n
and d s a . Thenn
h a s ??? s a s 2, a s d, and d G 2 n y 1 . .  .1 ny1 n
 .We now complete our classification of all the Gorenstein algebras A a; d
of Veronese type. Q.E.D.
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 .  .  .2.5 EXAMPLE. 1 Let n G 2 and each a s d. Thus, A a; d is thei
w x  .dth Veronese subring of K t , t , . . . , t . Then, A a; d is Gorenstein if1 2 n
w x w xand only if d divides n. This result is obtained in 9 ; see also 3 .
 .  .2 Let n G 2 and each a s 1. Thus, A a; d is the K-subalgebra ofi
w xK t , t , . . . , t generated by all square-free monomials of degree d. Then1 2 n
 .  .  .  .A a; d is Gorenstein if and only if i d s 1 or ii d s n y 1 or iii
n s 2 d.
 .  .  .  .3 An example of each of the cases d , e , and f of Theorem 2.4
 .  .  .  .is as follows: d n s 3, a s 3, 5, 7 , d s 12; e n s 3, a s 2, 3, 5 , d s 7;
 .  .f n s 4, a s 1, 1, 3, 5 , d s 8.
 .  .4 Let n s 3. Then a s 1, 1, d with d G 2 is an example of case
 .  .  .g of Theorem 2.4, and a s 2, 2, d with d G 4 is an example of case h
of Theorem 2.4. We should remark that if P ; R ny1 is the unit cube, i.e.,
the convex polytope defined by the linear inequalities 0 F x F 1 fori
 .i s 1, . . . , n y 1, then every Gorenstein algebra of case g of Theorem 2.4
 .is isomorphic to the Ehrhart ring A P of P and, moreover, every
 .Gorenstein algebra of case h of Theorem 2.4 is isomorphic to the
 .2.  .Veronese subring A P of A P .
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